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Spin-noise measurements can serve as direct probe for the microscopic decoherence mechanism of
an electronic spin in semiconductor quantum dots (QD). We have calculated the spin-noise spectrum
in the anisotropic central spin model using a Chebyshev expansion technique which exactly accounts
for the dynamics up to an arbitrary long but fixed time in a finite size system. In the isotropic case,
describing QD charge with a single electron, the short-time dynamics is in good agreement with a
quasi-static approximations for the thermodynamic limit. The spin-noise spectrum, however, shows
strong deviations at low frequencies with a power-law behavior of ω−3/4 corresponding to a t−1/4
decay at intermediate and long times. In the Ising limit, applicable to QDs with heavy-hole spins,
the spin-noise spectrum exhibits a threshold behavior of (ω − ωL)
−1/2 above the Larmor frequency
ωL = gµBB. In the generic anisotropic central spin model we have found a crossover from a Gaussian
type of spin-noise spectrum to a more Ising-type spectrum with increasing anisotropy in a finite
magnetic field. In order to make contact with experiments, we present ensemble averaged spin-noise
spectra for QD ensembles charged with single electrons or holes. The Gaussian-type noise spectrum
evolves to a more Lorentzian shape spectrum with increasing spread of characteristic time-scales
and g-factors of the individual QDs.
PACS numbers: 78.67.Hc, 75.75.-c, 72.25.-b
I. INTRODUCTION
Single electron or hole spins confined in semicon-
ductor quantum dots (QDs) have been suggested1,2 as
prime candidates for the realization of solid-state qubits.
Single-shot readout of the electron spin has been demon-
strated in gate controlled3 QDs, and a very high de-
gree coherent control of spins has been achieved in self-
assembled QDs.4–7 While the strong confinement of the
electronic wave function in QDs reduces the interaction
with the substrate and, therefore, suppresses electronic
decoherence mechanisms, it simultaneously enhances the
hyperfine interaction between the confined electronic spin
and the nuclear spin bath formed by the underlying lat-
tice. Although spin-lattice relaxation processes might
contribute to the spin dephasing, it is believed1,2,8–10 that
the hyperfine interaction dominates the spin relaxation
in such systems.
The dynamics of a single-electron spin coupled to a
nuclear spin bath of non-interacting spins2,11,12 is de-
scribed by the Gaudin’s central spin model13 (CSM).
Even though the CSM is exactly solvable13 using a
Bethe ansatz (BA), up to now there exist no thermo-
dynamic Bethe ansatz equations for this model as for the
Kondo model.14 The explicit solution of the BA equa-
tions are restricted to a finite size system of N < 25 bath
spins,15,16 while larger spin bath sizes require stochasti-
cal techniques17,18 to extract the spin dynamics of the
central spin and are still limited to a small number of
nuclear spins of N < 50.
Recent spin-noise measurements performed on quan-
tum dots19–21 charged with single electrons or holes
aimed to directly reveal the intrinsic dynamics of cen-
tral spins interacting with a nuclear spin bath. The spin-
noise spectrum measured in z-direction shifts upon in-
creasing the transversal magnetic field Bx to higher fre-
quencies and traces the Larmor frequency ωL, while the
low-frequency range crosses over from a nearly Lorentz
shape to a 1/f noise.19,21
In this paper, we investigate the spin-noise spectra for
the anisotropic CSM11–13 using the Chebyshev expan-
sion technique (CET). The CET has been developed 30
years ago22,23 and offers an accurate way to calculate
the time evolution of a single initial state |ψ0〉 under the
influence of a general time-independent Hamiltonian H
operating on a finite dimensional Hilbert space. This
approach has been proposed24 as an efficient scheme for
numerical simulations of the spin-bath decoherence and
applied to the isotropic CSM25 as well as two coupled
spins 1/2 in contact with a spin bath.24,26 The original
application24–26 of the CET was restricted to the prop-
agation of a single wave function. We have extended
the approach (i) to thermodynamic ensembles and also
(ii) have averaged over many randomly generated hyper-
fine coupling constant configurations. While (i) signifi-
cantly increases the accuracy of the CET for incoherent
spin baths in the high temperature limit relevant to the
experiments,19–21 (ii) turns out to be crucial for obtaining
a smooth noise spectrum. In any finite-size system, the
exact spectral functions are given by a finite number of δ-
functions. Since the eigenenergies depend on the config-
uration of hyperfine couplings, averaging over many con-
figurations mimics a much larger system and smoothens
the superposition of δ-functions to a continuous function
when introducing a very small, but finite broadening sim-
ilar to the z-averaging27 used in the time-dependent nu-
merical renormalization group approach28,29 to the non-
equilibrium dynamics.
For a rigorous solution13,15–18 of the central spin dy-
namics the surrounding spin bath must be taken into
2account exactly. Spin baths differ fundamentally from
bosonic baths30 due to their degeneracies and their fi-
nite dimensional Hilbert space. Over the last decade,
very intuitive pictures for the qualitative understand-
ing of the decoherence induced by a spin bath have
emerged. The separation of time scales8 – a fast elec-
tronic precession around an effective nuclear magnetic
field, and slow nuclear spin precessions around the fluc-
tuating electronic spin – has motivated various quasi-
static approximations8,9,31–33 (QSA) and semiclassical
approximations34–36 which describe very well the short-
time dynamics but predict a non-decaying fraction of the
central spin polarization. Early on, it became clear8 that
non-Markovian corrections9,10 caused by slowly fluctuat-
ing nuclear bath configurations generate corrections to
this non-decaying fraction as well as the long-time decay
of spin polarization. The functional form is non-universal
and depends on the details of the distribution function
of the hyperfine coupling constants.9,10 A crossover from
∝ 1/ logα(t) in the absence of an external magnetic field
to a ∝ 1/t log2(t) in a finite field has been predicted9,10
where the exponent α is non-universal and depends on
the distribution function.
Semiclassical approaches8,9,31,32 have been employed
to access the long-time dynamics of the spin-dynamics
using either a spin-coherent-state P representation34,36
or a path integral formulation,35 both based on coherent
spin states. Spin fluctuations in quantum dot ensembles
have been addressed by a semi-classical Langevin term
in the Bloch equation.37,38
All quasi-statical and semiclassical approximations or
truncation schemes in quantum-master equations allow
to access the thermodynamic limit by neglecting higher
order correlations in the spin bath. While such an ap-
proximation is very useful for tracing the spin-decay of
an initially polarized central spin coupled to an incoher-
ent spin bath, these approximations become question-
able in coherent control experiments5–7 where a pulsed
pump laser induces frequency focusing of electron spin
coherence5 by a non-equilibrium nuclear spin polariza-
tion.
Numerical methods, however, accurately include the
entanglement between the central spin and the spin bath
but are limited to finite spin bath size. Recently, the
time-dependent density matrix renormalization group
(TD-DMRG)39 has been adapted to the central spin
model38,40 and has been able to push this limit to up
to N ≈ 1000 bath spins38 in calculation for the short
time dynamics.
While most of the theoretical literature has focused on
the dynamics of the central spin in a single QD, only
recently a semi-classical approach37 has been applied
to the calculation of spin-noise in an ensemble of QDs
charged with single electrons or holes as investigated in
experiments.19–21 We have extended the CET approach
to ensembles of QDs and present spin-noise spectra for
this case as well. We find an evolution of a Gaussian-type
spin-noise spectrum of a single QD to a more Lorentzian
shape spectrum at finite transversal magnetic field in a
QD ensemble similar to the observed experimental data
on electron spins19 or hole spins.21
Most of those approaches predict a non-decaying frac-
tion of the central spin polarization and a very slow, non-
exponential decay of the spin in the long-time limit which
has not been observed in the experiments. Therefore, it
has been suggested that taking into account additional
nuclear quadrupole couplings36 can lead to an exponen-
tial decay when these quadrupole coupling constants ex-
ceed the hyperfine coupling strength. In this paper, how-
ever, we do not consider such an additional quadrupole
term. We restrict ourselves to the minimal anisotropic
CSM and focus on an exact finite size calculation includ-
ing all correlations between the electronic spin and the
nuclear spins.
A. Preliminaries
We have calculated the spin-correlation function
S(t) = [〈Sz(t)Sz〉+〈SzSz(t)〉]/2 and its Fourier transfor-
mation, the spin-noise spectrum S(ω), for the anisotropic
CSM. Its isotropic limit is relevant to QDs charged with
a single electron, while the maximally anisotropic case,
the exactly solvable Ising limit, can be applied to dot-
confined heavy-hole spins.2,12,41 The generic anisotropic
regime interpolates between these two extreme cases and
accounts for dot-confined hole spin of arbitrary mixtures
of light-hole and heavy-hole contributions. We have stud-
ied S(ω) as a function of the external transversal mag-
netic field Bx: while an external longitudinal field Bz
suppresses the spin decay of a spin initially polarized in
longitudinal direction, a transverse field Bx induces a
Larmor precession with the Larmor frequency ωL ∝ | ~B|
of the electronic spin.
The following qualitative picture has emerged for the
spin-noise spectrum S(ω). In addition to a δ-peak at
zero frequency whose spectral weight is given by the non-
decaying fraction of the spin polarization, we find a Gaus-
sian type noise spectrum plus corrections in the isotropic
CSM. The width and center of the spectrum are given
by the intrinsic energy scale of the fluctuating nuclear
hyperfine field 1/T ∗. A finite transversal magnetic field
destroys the δ-peak and the center of the spectrum is
shifted to larger frequencies which is given by the Lar-
mor frequency in the limit ωLT
∗ ≫ 1.
In the Ising limit, the quasi-static approximation be-
comes exact. In zero-field, Sz cannot decay at all, and at
any finite magnetic field a finite non-decaying fraction of
the spin polarization remains after averaging over all ran-
domly precessing configurations in the long-time limit.
In the thermodynamic limit, the finite frequency part of
the noise spectrum shows a threshold behavior, where the
threshold frequency ωth is given by ωL. Above the thresh-
old, we find S(ω) ∝ (ω− ωth)−α for ω > 0 where the fits
to our numerics are consistent with the predictions9,10 of
α = 1/2. Far away from the threshold, the noise spec-
3trum contains non-universal parts and is cutoff sharply at
the largest eigenenergy difference ωmax <
√
ω2L +A
2
s/4,
where As is determined by the details of the electronic
wave function of the confined hole in the QD.
In the anisotropic CSM, the spin-noise spectrum de-
pends strongly on the anisotropy parameter λ and the
external magnetic field. We find a crossover from a more
threshold-like noise spectrum for transversal fields that
are small compared to λ to a more Gaussian type shape
but with a renormalized width 1/T ∗λ which depends on
the asymmetry parameter.
B. Plan of the Paper
As outlined above, the main objective of the pa-
per is the discussion of the electronic spin noise in
the anisotropic CSM. Since the two extreme limits, the
isotropic CSM and the Ising limit, show two distinct spec-
tral properties, we divide the part on the results in three
sections.
But first we begin with an introduction of the model
in Sec. II A and the discussion of a realistic distribution
of hyperfine coupling constants in Sec. II B. That distri-
bution depends not only on the envelope of the electronic
wave-function but also on the finite volume V ∝ r30 that
encloses the QDs since with increasing volume the num-
ber of nuclear spins which couple exponentially weak is
increasing. We briefly review the CET in Sec. II F before
we state the expansion of S(ω) in terms of Chebychev
polynomials in Sec. IIG.
Sec. III is devoted to the results for the isotropic CSM
while Sec. IVA focuses on the Ising limit. In Sec. IVB
we present our data for the fully anisotropic case and
investigate the crossover from small to large transversal
magnetic fields.
In order to establish the accuracy of the CET ap-
proach, we compare the CET results with exact diag-
onalization (ED) for small bath sizes in Sec. III A; we
also augmented our data with the prediction of QSA
for the short time dynamics that has been reviewed in
Sec. II E. Sec. III B 1 is devoted to an investigation of
the influence of the distribution function on the real-time
dynamics while we extract the cutoff dependence of the
non-decaying fraction of spin polarization in Sec. III B 2.
In Sec. V we present results for ensemble averaged spin-
noise spectra for parameters which closely resemble the
recent experiments.19–21 We explicitly demonstrate that
a distribution of characteristic time scales of the quan-
tum dots modifies the spectral properties from a more
Gaussian like shape to an ensemble averaged spectrum
which can be fitted with a Lorentzian. We will discuss
the g-factor induced and hyperfine interaction induced
broadening of the single QD spectra. We summarize our
findings in Sec. VI and give a brief outlook.
II. THEORY
A. Modelling of the quantum dots
For the spin decoherence in semiconductor QDs vari-
ous interactions play a role. As main contributions three
sources have been identified for relativistic electrons con-
fined in a semiconductor QD: the (i) Fermi contact hyper-
fine interaction, (ii) the dipole-dipole interaction and (iii)
the coupling of the orbital angular momentum to the nu-
clear spin.11 The Fermi contact hyperfine interaction pro-
vides the largest energy scale of the three contributions.11
Since the atomic contribution11,41 to the electron wave
function stems mainly from 4s-orbitals in Ga and As,
the Fermi-contact hyperfine-interaction dominates. The
wave functions for light and heavy holes, however, are
dominated by 4p-orbitals which vanish at the nuclei.
Therefore, the sources (ii) and (iii) govern the coupling
for light and heavy holes to the nuclear spins.
Fischer et al.11 have shown that all cases can be casted
into an anisotropic CSM12 given by the Hamiltonian
H = ωL~S~nB +
N∑
k=1
Ak
(
SzIzk +
1
λ
(SxIxk + S
yIyk )
)
(1)
where ~S denotes the electron spin operator, ~Ik the nu-
clear spin of the k-th nucleus, N the number of nuclear
spins, and ~nB = ~B/| ~B| is the unit vector of the external
magnetic field direction. We include the electron or hole
g-factor as well as the external magnetic field strength
B = | ~B| into the Larmor frequency ωL = gµBB. The
anisotropy parameter λ distinguishes the three different
cases: λ = 1 for electrons, λ = 1/2 for light holes and
λ→ ∞ for heavy holes. For mixed heavy and light hole
states 1 < λ <∞ holds. We will review a realistic distri-
bution of the Ak and an estimate of the orders of mag-
nitude in the next section below. Since λ introduces an
anisotropy axis, we use the term longitudinal for exter-
nal magnetic fields in z-direction and call Bx a transverse
field.
For λ = 1, we recover the standard isotropic central-
spin model13 which conserves the total spin ~J = ~S +∑
k
~Ik of the coupled system in absence of an external
field, and the spin component of the total spin in the
direction of the applied field. For λ 6= 1 only the compo-
nent Jz = Sz +
∑
k I
z
k of the total spin commutes with
the Hamiltonian for the absence of a transversal external
field. Throughout the paper we will use the convention
h¯ = 1, kB = 1 unless otherwise stated.
Recently, the effect of additional nuclear quadrupole
couplings in the Hamiltonian on the central spin dynam-
ics have been investigated.36 Such nuclear quadrupole
terms significantly change the bath characteristics. They
lift the very large degeneracies of the nuclear spin bath
and lead to an exponential spin decay36 once the nuclear
quadrupole coupling strength exceeds the hyperfine inter-
action. In this paper, however, we do not include these
4additional nuclear quadrupole couplings and present an
exact finite size calculation that avoids any truncations
or factorization of correlations which typically changes
the type of long-time dynamics.
Definition of a time scale: In addition to the Larmor
frequency ωL, the fluctuations of the transversal and lon-
gitudinal component of an unpolarized nuclear spin bath
in the absence of an external field defines the time scale
T ∗λ
[T ∗λ ]
−2 =
1
λ2
N∑
k=1
A2k (2)
and T ∗ = T ∗λ=1 respectively. These scales govern the
short-time spin decay of the electronic spin polarized
along the z-axis. We use the transversal time scale to
define the dimensionless hyperfine couplings ak = AkT
∗
λ
which enters the dimensionless Hamiltonian H˜ = HT ∗λ
H˜ = λb~S~nB +
N∑
k=1
ak
(
SzIzk +
1
λ
(SxIxk + S
yIyk )
)
.(3)
The longitudinal scale T ∗ has been used to define the
dimensionless magnetic field b = ωLT
∗.
B. Distributions of the coupling constants Ak
In numerical simulations of the CSM either a
model15–18,38 distribution function P (A) for the hyper-
fine coupling constants Ak, or a more realistic
1 distri-
bution based on the envelope function (9) have been
used. In materials the coupling constants Ak are given
by2,11,41,42
Ak =
16µBµNγk
Ik
∣∣∣Ψ(~Rk)∣∣∣2 ηk = Asv0ηk ∣∣∣Ψ(~Rk)∣∣∣2 ,
(4)
where µB is the Bohr magneton, and µN the nuclear
magneton, and γk the gyro-magnetic factor of the k-th
nuclei. Ik denotes the spin of the k-th nucleus. v0 is the
average volume occupied by a single nucleus within the
crystal, and As = 16µBµk/v0Ik.
The electron (or hole) wave function ψ(~r) = Ψ(~r)u(~r)
is divided into a slowly varying envelope function Ψ(~r),
that appears in (4), and a fast varying dimensionless
Bloch factor u(~r) describing the wave function in the in-
dividual unit cells at the nuclei k and determining ηk.
The factor ηk encodes the symmetries of the Bloch fac-
tor and differs for electrons and holes:12
ηek =
π
3
∣∣∣u(~Rk)∣∣∣2 (5)
ηhk =
8
5
v0
〈
1∣∣∣~r − ~Rk∣∣∣3
〉
. (6)
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FIG. 1. Probability density P (A) vs As/Amax for three dif-
ferent radii R/L0 = 2, 3, 4. The dashed lines of the same
color depict the histogram of the distribution generated by
108 random picks for Ak.
(For details on the definition of Eq. (6) see appendix A
of Ref. 12.) In case of a simple Bloch wave of a free elec-
tron, |u(~Rk)|2 = 1, and different factors ηek and ηhk are
discussed in the literature1,12 to account for the differ-
ent values of the electronic wave function at Ga and As
nuclear sites in the unit cell.
In this paper, however, we neglect these differences
and restrict our investigation to a generic spin bath with
j = 1/2. We set η
e(h)
k = 1 and absorb the value into the
definition of As.
Since Ψ(~Rk) varies slowly over the volume of a single
nucleus, |Ψ(~Rk)|2 is taken as constant over the volume
v0, and the normalization integral can be approximated
by a discrete sum over all nuclei
1 =
∫
d3R
∣∣∣Ψ(~Rk)∣∣∣2 ≈∑
k
v0
∣∣∣Ψ(~Rk)∣∣∣2 (7)
from which we conclude:
As =
∑
k
Ak (8)
and is constant independent of the details of the wave
function as a consequence of the wave function normal-
ization. As is typically
2,12,41 of the order O(10−5 eV) for
electrons and predicted12 about a factor 10− 1000 times
smaller for holes yielding a much larger decoherence time
T ∗ for hole-spins.
A typical distribution of Ak for an (InGa)As self-
assembled quantum dot with base diameter of 15 nm is
depicted in Fig. 2 of Ref. 41. This suggests a normalized
envelope function of
Ψ(~r) = (
√
πL0)
−3/2e
− r
2
2L2
0 (9)
varying on a length scale of L0 ≈ 5 nm. Using41 the
lattice constant of GaAs of ≈ 0.5 nm, L0 = 5nm and the
max{Ak} ≈ 8 neV, we obtain a realistic estimate2,12,41
for As ≈ 20µeV.
5Apparently, the probability to find a nucleus with cou-
pling A(r) increases quadratically with radius r: the dis-
tribution function P (A) diverges for A→ 0 and requires
a finite cutoff radius R > L0 for which the envelope
wave function has almost vanished and Ψ(~r) is approxi-
mately normalized in that sphere of radius R. Although
the physics must be independent of this artificial cut-
off R, only those nuclei with a significant coupling con-
stant contribute to the dynamics of the central spin. Us-
ing the probability density for point of fixed radius r,
P (r) = 3r2/R3 and P (A)dA = P (r)dr, we derive the
probability distribution
P (A, r0) =
3
2
1
r30A
√
log(Amax/A) (10)
where Amax = A(0) = Asv0/(
√
πL0)
3 and the ratio r0
is defined as r0 = R/L0. This distribution is shown in
Fig. 1 for three different ratios r0 = R/L0 = 2, 3, 4. We
also added the histogram from 108 randomly generated
Ak values as dashed line in the same color. They are
nearly indistinguishable from the analytic function stated
in (10). Note that this distribution function is almost
identical to the one used by Coish and Loss.10
Using this probability distribution P (A) it is straight
forward to calculate the average A¯ =
∫
dAP (A)A ≈
As/N(R) where N(R) = n04πR
3/3 denotes the num-
ber of nuclei in the sphere of radius R. The
square average A¯2 is approximately given by A¯2 ≈√
2A2s[3
√
πN(R)N(L0)]
−1. Both approximations be-
come exact for R→∞.
Since the choice of the radius R should be arbitrary, as
long as R > L0 and |Ψ(R)|2 ≈ 0, the physical properties
of the central spin model must not depend on R. This
is clearly the case for As =
∑
k Ak = N(R)A¯ since we
have N(R) different coupling constants. For the time
scale T ∗, the inverse rms of the Overhauser field, which
governs the short time dynamics, we obtain
[T ∗]−2 =
N∑
k=1
A2k = N(R)A¯
2 = A2s
1
3
√
πN(L0)
(11)
which is also independent of the radius R. It is only
dependent on As and the number of nuclei which are lo-
cated within the sphere defined by the length scale L0 of
the electronic envelope function. Using the parameters
from above an estimate for T ∗ ≈ 30 ns and a character-
istic frequency f = 1/T ∗ ≈ 32 Mhz for electrons and a
factor 10−1 − 10−3 times smaller value for hole spins.
Although the cutoff r0 controls the width of the distri-
bution function P (A, r0), the physics must remain invari-
ant in the thermodynamic limit, when sending N → ∞
first and then r0 →∞. In a finite size calculation, how-
ever, each random configuration of hyperfine couplings
{Ak} generated by P (A, r0) yields a slightly different dy-
namics. To bridge between the typically N(L0) ≈ 105
nuclear spins in real QDs and the numerical CET simu-
lations of a spin bath with N = 20, each configuration
{Ak} is normalized to a fixed 1/T ∗ =
√∑
k A
2
k which
is the energy unit used in all calculations. Therefore,
each configuration is characterized by exactly the same
short time dynamics, and by averaging over typically
n = 50 − 100 different configurations we mimic a much
larger spin-bath.
A word is in order about varying the cutoff r0. For very
large r0, the ratio a between the largest and the smallest
hyperfine coupling is exponentially large and the proba-
bility of generating exponentially low coupling constants
is large. In this case, we will end up with one or two
large couplings ak = AKT
∗ → 1, while all other are ex-
ponentially small for a fixed N . The resulting unphysical
dynamics will be discussed in Sec. III A below.
In order to avoid this effect one could demand that the
largest dimensionless coupling amax = max{ak} must be
a constant when varying r0. This requires a simultane-
ous change of the bath size N when varying r0. Choosing
amax = 0.5 ensures a reasonable distribution of dimen-
sionless coupling constants {ak} since the sum of all other
couplings squares must be 3/4. For r0 = 1.5 we can fulfill
this condition with N = 18 while for r0 = 1 only N = 8
would be sufficient. For r0 = 2, however, we would need
N = 42 nuclear spins which is beyond the reach of the
CET. For r0 = 2 and N = 18 we find amax = 0.64: this
is only slightly larger than 0.5 and implies that all other
hyperfine constants still contribute ≈ 60% to T ∗. In our
simulations, we typically us r0 = 1.5 and N = 18.
C. Definition of the spin-noise function
Experimentally the spin-noise is measured via fluctu-
ations of the Faraday rotation angle using a linearly po-
larized probe laser in z-direction of the sample. The
auto-correlation function of the Faraday rotation angle
is equivalent to the symmetrized fluctuation function
S(t) =
1
2
[〈Sz(t)Sz〉+ 〈SzSz(t)〉]− 〈Sz〉2 (12)
where 〈Sz〉 denotes the average spin-polarization which
vanishes in the absence of an external magnetic field.
The probe laser only weakly perturbs the system, and all
expectation values are calculated using the equilibrium
density operator. Since S(t) is symmetric in time, the
spin-noise spectrum
S(ω) =
∫ ∞
−∞
S(t)e−iωtdt =
∫ ∞
−∞
S(t) cos(ωt)dt . (13)
From these definitions, we obtain the obvious sum-rule∫ ∞
−∞
dω
2π
S(ω) = S(0) =
〈
(Sz)2
〉− 〈Sz〉2 (14)
for the spin-noise spectrum. In the absence of an external
magnetic field, its value is fixed to 1/4 for a QD filled with
a single electron or hole spin. This sum-rule is useful to
test the accuracy of any numerical spin-noise calculation.
6D. Connection between the spin-noise function and
the real-time dynamics
The spin-noise measurements are performed in thermal
equilibrium19 at T ≈ 5K → kBT ≈ 4 · 10−4 eV. Since
the intrinsic energy scale As of the system is of the order
O(10−5 eV) for electrons and even one order of magnitude
smaller for holes, βAs ≪ 1 holds, and we can consider
the coupled system consisting of the nuclear spin bath
and the central spin in the limit of high temperature and
being characterized by the initial density operator
ρ0 =
1
D
1 , (15)
where D is the dimension of the Hilbert space and 1 is
the identity matrix. Using the commutator [ρ0, S
z] = 0,
we conclude: 〈Sz(t)Sz〉 = 〈SzSz(t)〉.
If we prepare an initially fully polarized electron (hole)
spin along the z-direction coupled to an incoherent nu-
clear spin bath, the density operator for such a system is
given by
ρp = ρ0(1 + 2S
z) . (16)
The time evolution 〈Sz(t)〉 for this initial condition
〈Sz(t)〉ρp = Tr [ρpSz(t)] = (〈Sz〉+ 2 〈Sz(t)Sz〉)
= 2 〈Sz(t)Sz〉 = 2S(t) (17)
is equivalent to twice the correlation function S(t) where
the expectation values are calculated with respect to ρ0.
Therefore, S(t) can also be interpreted as the dynamics
of an initially fully polarized spin coupled to a bath at
high temperature. In this limit, we still can neglect the
spin polarization in Eq. (12) in a magnetic field, since the
large field limit discussed below implies a large magnetic
field in comparison to the hyperfine energy scale but still
small compared to the temperature.
E. Quasi-static approximation for ~B = 0
Merkulov8 et al. proposed a quasi-static approximation
(QSA) to calculate the short-time dynamics of an initially
polarized electron spin which later has been extended to
dot-confined hole spins by Testelin et al.12 It is based on
a separation of energy scales and, therefore, time scales.
While a single nuclear spin just is exposed to the field
generated by the single central spin whose magnitude is
proportional to Ak ≪ As, the electron spin precesses in a
constant effective magnetic field ~Beff provided by a frozen
nuclear spin bath configuration |ψbath〉
~Beff =
1
µBge
∑
k
Ak 〈ψbath| ~Ik |ψbath〉 = Beff~n (18)
for the time scale defined by the effective Larmor fre-
quency ωeff = geµB| ~Beff| which is of the order of O(As).
In this momentarily frozen field in the direction ~n =
~Beff/| ~Beff|, the Bloch equations for the electronic spin
dynamics have the simple solution〈
~S(t)
〉
=
(
~S0 · ~n
)
~n+
(
~S0 −
(
~S0 · ~n
)
~n
)
cos(ωefft)
+
[
~n×
(
~S0 −
(
~S0 · ~n
)
~n
)]
sin(ωefft), (19)
with initial polarization of the electron spin ~S0.
The effective magnetic field is generated by a large
number of small contributions from randomly oriented
nuclear spins. Therefore, the direction is isotropically
distributed over a unit-sphere, and, in the limit of large
N , the magnitude of the effective field is described by the
Gaussian probability distribution
W ( ~Beff) =
1
π3/2∆3B
exp
(
−
~B2eff
∆2B
)
, (20)
∆2B =
1
2(µBge)2
∑
k
A2k =
1
2(µBgeT ∗)2
(21)
whose width is defined by the fluctuation time scale T ∗.
Averaging the central spin dynamics (19) over the distri-
bution function W ( ~Beff)〈
~S(t)
〉
=
∫
dΩ
∫ ∞
0
B2dBW ( ~Beff)~S(t) (22)
the QSA result8 for ~S(t) = Sz(t)~ez
〈Sz(t)〉 = S
z
0
3
[
1 + 2
(
1−
(
t
2T ∗
)2)
e−
1
2 (
t
2T∗ )
2
]
= 2M(t) (23)
has been obtained. It is straight forward to calculate its
Fourier transformation M(ω)
M(ω) =
∫ ∞
−∞
dt e−iωtM(t) (24)
=
S0
3
[
2πδ(ω) + ω2(
√
8T ∗)3
√
πe−2(ωT
∗)2
]
,
where S0 = S
z
0/2, because S0 refers to the correlation
function S(t) instead of 〈Sz(0)〉. Since the QSA generates
decoherence only by angular averaging, it lacks long-time
decay and contains a large non-decaying contribution of
1/3 of the initial spin-polarization S0. This large non-
decaying contribution defines the weight of the spin-noise
δ-function at ω = 0.
F. The Chebyshev expansion technique
1. Expansion of the time evolution operator
Since all our results have been obtained using the
CET,22,23 we briefly review the CET, in order to intro-
duce the notation used below.
7The CET22,23 has been developed 30 years ago and
offers an accurate way to calculate the time evolution of
a single initial state |ψ0〉 under the influence of a general
time-independent and finite-dimensional Hamiltonian H:
|ψ(t)〉 = e−iHt|ψ0〉. (25)
The main idea of the method is to construct a stable
numerical approximation for the time-evolution operator
e−iHt that is independent of the initial state |ψ0〉 and
whose error can be reduced to machine precision for any
given time t. Its limitation lies in the need to explicitly
store certain states in the course of the calculation, which
limits the size of the Hilbert space that can be handled.
There are different ways to expand the time-evolution
operator. The most direct one is the conventional expan-
sion of the exponent in powers ofH using the definition of
any operator function. One would like, however, to use
an expansion that converges uniformly, independent of
the initial state |ψ0〉. The Chebyshev polynomials turned
out to be such a suitable choice22. They are defined by
the recursion relation
Tn+1(z) = 2zTn(z)− Tn−1(z), (26)
subject to the initial conditions T0(z) = 1 and T1(z) = z.
Those polynomials can be used to expand any function
f(z) on the interval −1 ≤ z ≤ 1. Explicitly, f(z) is
expressed as an infinite series
f(z) =
∞∑
n=0
bnTn(z), (27)
where the expansion coefficients bn are given by
bn =
2− δn,0
π
∫ 1
−1
dx
f(x)Tn(x)√
1− x2 . (28)
Using the integral representation43 of the Bessel function
Jn(z) =
i−n
π
∫ pi
0
dϑeiz cosϑ cos(nϑ) (29)
and Tn(cosϑ) = cos(nϑ), we immediately arrive for z ∈
[−1 : 1] at
e−izτ =
∞∑
n=0
bnTn(z) (30)
with the expansion coefficients bn = (2 − δ0,n)inJn(τ).
If the spectrum of the Hamiltonian is bound to Emin ≤
E ≤ Emax, the time-evolution operator e−iHt can be ex-
panded in the same fashion after mapping the Hamil-
tonian to the dimensionless H ′ = (H − α)/∆E where
we have defined the center of the energy spectrum α =
(Emax + Emin)/2 and its half-width ∆E = (Emax −
Emin)/2. Identifying τ = ∆Et we arrive at
e−iHt =
∞∑
n=0
bn(t)Tn(H
′) (31)
with
bn(t) = (2− δ0,n)ine−iαtJn(∆Et). (32)
Finally, applying Eq. (31) to the initial state |ψ0〉 one
obtains
|ψ(t)〉 =
∞∑
n=0
bn(t)|φn〉, (33)
where the infinite set of states |φn〉 = Tn(H′)|ψ0〉 obey
the recursion relation23
|φn+1〉 = 2H′|φn〉 − |φn−1〉, (34)
subject to the initial condition |φ0〉 = |ψ0〉 and |φ1〉 =
H′|ψ0〉.
Several comments are in order. First, all time depen-
dence is confined in Eq. (33) to the expansion coefficients
bn(t), which are independent of the initial state |ψ0〉. Sec-
ond, the Chebyshev recursion relation of Eq. (34) reveals
the iterative nature of the calculations. Starting from
the initial state |ψ0〉, one constructs all subsequent states
|φn〉 using repeated applications of the “transformed”
Hamiltonian H′. Third, since Jn(x) ∼ (ex/2n)n for large
order n, the Chebyshev expansion converges quickly as
n exceeds ∆Et. This allows to terminate the series (33)
after a finite number of elements NC guaranteeing an ex-
act result up to a well defined order. Finally, the Cheby-
shev expansion has the virtue that numerical errors are
practically independent of t, allowing access to very long
times. The main limitation of the approach, as com-
mented above, stems from the size of the Hilbert space,
since each of the states |φn〉 must be constructed explic-
itly.
For the application of the CET to the central spin
model, an estimation of the upper and lower bound of
the Hamiltonian is required entering the center of the
energy spectrum α and its half-width ∆E. Applying the
power iteration method, the series
|ϕn〉 = H
n |ϕ0〉√
〈ϕ0| HnHn |ϕ0〉
(35)
converges to the eigenvector associated with the eigen-
value E¯ the largest absolute value max{|Emin|, |Emax|}.
For λ = 1, and Ak > 0, one can show that the eigenvalue
obtained by the power iteration determines Emin while
Emax = ωL/2 +As/4. For the Ising regime, λ→∞, the
largest eigenvalue E+ and the smallest eigenvalue E− are
exactly known
E± = ±
√(ωL
2
)2
+
(
As
4
)2
(36)
and for any finite λ, we interpolate between these to lim-
its. Alternatively, one can set α = 0 and only use the
eigenenergy E¯ to define ∆E = 2E¯. In either case, α
and ∆E entering the Chebyshev expansion are easily ob-
tained.
82. Evaluating traces
The original application24 of the CET22 focused on the
dynamics of a single wave-function. We have extended
the approach to thermodynamic ensembles to incorpo-
rate the incoherent spin-bath at high-temperature rele-
vant to the experiments.
The expectation value of an arbitrary time-dependent
observable O is given by
〈O(t)〉 = Tr [ρ0O(t)] =
D∑
i=1
〈i| ρ0eiHtOe−iHt |i〉
=
D∑
i=1
〈i′(t)|O |i(t)〉 (37)
where |i〉 denotes a state of the complete basis set. D =
2N+1 grows exponentially with the number of bath spins,
and the direct evaluation of the trace cannot be computed
in moderate time for large N . In addition, the CET
provides only the time evolution of a single state |i(t)〉 =
e−iHt |i〉 and |i′(t)〉 = e−iHtρ0 |i〉.
Therefore, we employ a stochastical method discussed
by Weisse et al..23 It is based on the generation of Ns
random states |r〉 of the form
|r〉 =
D∑
i=1
ξri |i〉 (38)
with the real coefficients ξsi fulfilling the relations
〈〈ξri〉〉 = 0, (39)
〈〈ξriξr′j〉〉 = δr,r′δi,j (40)
where 〈〈· · · 〉〉 refers to the statistical average of these
random numbers. Note that |r〉 is not a normalized state
for ξsi fulfilling those relations. However, the trace of an
operator Aˆ can be evaluated23 by〈〈
1
Ns
Ns∑
r=1
〈r| Aˆ |r〉
〉〉
=
1
Ns
Ns∑
r=1
D∑
i,j=1
〈〈ξriξrj〉〉 〈i| Aˆ |j〉
=
D∑
i=1
〈i| Aˆ |i〉 (41)
by statistical average of the random numbers.
Using the self-averaging properties of ξri drawn from
a Gaussian distribution, the trace is approximated23 by
1
Ns
Ns∑
r=1
〈r| Aˆ |r〉 =
D∑
i=1
〈i| Aˆ |i〉+O
(
1√
NsD
)
. (42)
The error is well controlled and scales with (NsD)
−1/2:
only a few states Ns are needed for an exponentially large
Hilbert space. In our simulations we typically use Ns = 5
different randomly generated states for the evaluation of
the traces.
For very small Hilbert-spaces N < 10, we have the
reverse situation: the number Ns of random states re-
quired for a small error might exceed the dimension of
the Hilbert-space D. In such cases, the trace has been
evaluated exactly.
G. Spin-noise spectra obtained from Chebyshev
polynomial expansion
Since the time-dependent coefficients of the CET are
known and are stated in Eq. (28), we can analytically
perform the Fourier transformation of S(ω) in Eq. (13)
and derive an explicit expression for the spin noise in
terms of the momentum µn,m and a convolution of two
Chebyshev polynomials
S(ω) =
2π
∆E
∞∑
n,m=0
µn,m
∫ 1− ω
∆E
−1
dω˜
× Tn(ω˜)Tm(ω˜ +
ω
∆E )√
(1− ω˜2)(1 − (ω˜ + ω∆E )2)
(43)
for ω ≥ 0. While the convolution of two Chebyshev
polynomials only depends on the half-width ∆E of the
spectrum of H and is independent of the dynamics, the
momentum µn,m gather all Hamiltonian dependent in-
formation about the dynamics and are defined as
µn,m =
2− δn,0
π
2− δm,0
π
×Tr {ρ0Tn(H ′)SzTm(H ′)Sz} . (44)
and evaluated with the method presented in Sec. II F.
The additional prefactors gn
gn =
(NC − n+ 2)cos pinNC+2 + sin pinNC+2cot piNC+2
NC + 2
,(45)
referring to as Jackson kernel,23 considerably reduce the
truncation error23 when evaluating the truncated series
S(ω) =
2π
∆E
NC∑
n,m=0
gngmµn,mIn,m(
ω
∆E
) (46)
instead of the true infinite series given by Eq. (43). Since
the function In,m(x) defined as
In,m(x) =
∫ 1−x
−1
dω˜
Tn(ω˜)Tm(ω˜ + x)√
(1− ω˜2)(1 − (ω˜ + x)2) (47)
is independent of the Hamiltonian, it can be calculated
and stored independently, and later used in the summa-
tion (46) of the momenta.
From the orthogonality relation of the Chebyshev poly-
nomials we can immediately conclude that only the mo-
9mentum µ0,0 contributes to the spin noise sum-rule (14):
S(t = 0) =
1
2π
∫ ∞
−∞
dω S(ω) (48)
=
NC∑
n,m=0
Tr [ρ0Tn(H
′)SzTm(H
′)Sz] δn,0δm,0
= Tr
[
ρ0(S
z)2
]
=
1
4
. (49)
Thus all spectral functions calculated from the CET ex-
actly fulfill the sum-rule independent of the number NC
of included Chebyshev polynomials.
III. DEPHASING OF AN ELECTRON SPIN:
THE ISOTROPIC CENTRAL SPIN MODEL
We begin with the discussion of the spin dynamics for
a single electron confined in a single quantum dot by
investigating the isotropic CSM with λ = 1. For all sim-
ulations of the real-time dynamics, we used the CET for
the evolution of the states in a system of N bath spins
for a fixed configuration {Ak} drawn from the probabil-
ity distribution P (A, r0) stated in Eq. (10). Since the
number of bath sites is limited to N ≈ 20, we average
over typically 50 configurations {Ak}. By this averaging
we minimize finite size oscillations and essentially mimic
an effectively larger bath.
A. Benchmarks
In order to establish the virtue and the limitations of
the CET approach in combination with a statistical eval-
uation of the traces, we have investigated the influence
of (i) the number of bath spins N , (ii) the order of the
largest polynomial NC , (iii) the number of random states
Ns.
To benchmark the CET in small test systems accessi-
ble to exact diagonalisation (ED), we restrict ourselves
to uniform coupling constants Ak = As/N at first, defin-
ing T ∗1 = T
∗ =
√
N/As. We compare results obtained
by ED with CET calculations for N = 2, 6 and three dif-
ferent CET orders NC in Figs. 2 (a)-(b). For such small
systems, we evaluate the traces for the momenta µn,m
in (44) exactly, since the number Ns of randomly gener-
ated states needed for an accurate statistical evaluation
of the traces exceeds the dimension of the Hilbert space.
Therefore, the only error of the CET data at longer times
in Figs. 2 (a)-(b) arises from the finite NC while for the
short-time dynamics up to t < tmax(NC) an essentially
exact result is obtained.
The convergence of the CET for any given time t is
ensured by the analytic properties of the Bessel func-
tions of large order given by Jn(∆Et) ∼ (e∆Et/2n)n.
The vertical arrows in Figs. 2 (a)-(b) indicate where this
estimate exceeds the value 10−3 for NC = 10 and 20.
FIG. 2. (color online) Benchmark for the CET calculating
the time evolution of the spin correlation function S(t) for
uniform coupling constants Ak =
As
N
. Two different orders
NC of the expansion are compared to ED for N = 2 (a) and
N = 6 (b) bath spins. After the time scale indicated by
the arrows the CET-error exceeds O(10−3). In (a)-(b) the
occurring traces have been calculated exactly and no error
from the statistical evaluation of traces enters. (c) treats this
error for N = 10, by comparing results for a varying number
Ns of random states to a result taking the full trace into
account with NC = 66.
Apparently the CET reproduces the exact ED results
accurately up to this time. Thus, the order of the CET
for all further calculations is determined by the smallest
NC fulfilling the condition (e∆Etmax/2NC)
NC ≤ 10−3,
where tmax is the largest time of interest. For N = 6 and
tmax(NC)/T
∗ = 50 this estimate yields NC = 56. Con-
sequently, the CET renders the ED result exactly up to
t/T ∗ = 50. To illustrate the deviations at larger time for
an insufficiently large NC , S(t) is plotted for the addi-
tional two values NC = 10, 20 < 56 in Fig. 2 (b).
Fig. 2(c) illustrates the effect of the error arising from
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the statistical evaluation of traces for N = 10 bath spins.
The CET-result where the traces have been exactly cal-
culated (blue line) is serving as reference. Since the error
of the statistical evaluation is of the order O((NsD)
−1/2),
each ascending value for Ns shown in Fig. 2 (c) reduces
the remaining error by a factor 2 independent of the time
t. This decrease of the statistical error is clearly visible.
For N = 10, where the Hilbert space has the dimension
of D = 211 = 2048, our results with Ns = 16 random
states already converged enough to be optically almost
undistinguishable from the exact calculations. By choos-
ing either a large number of random states Ns or a large
number of nuclei N , we are able to obtain an accurate
representation of the exact evaluation of the traces.
The physics of the CSM with uniform coupling con-
stants Ak = A/N is well understood.
9 For a system with
only two bath spins we observe a coherent oscillation as
depicted in Fig. 2(a) since the central spin effectively only
interacts with the triplet state formed by the two bath
spins while the singlet is decoupled. The oscillation fre-
quency is given by the full width 2∆E = Emax − Emin
of the Hamiltonian’s spectrum. For larger systems the
dynamics is still coherent and of the form as exemplar-
ily shown for N = 6 and N = 10 in Figs. 2 (b)-(c). The
short time dynamics for N > 3 is governed by T ∗ and the
recurrence time Trec, where S(Trec + t) = S(t), increases
linearly with the bath size since the differences of the
eigenenergies are commensurable. We find Trec ≈ 30T ∗
for N = 6 and Trec ≈ 40T ∗ for N = 10.
B. Results in the absence of an external magnetic
field
1. Influence of the distribution function on the real-time
dynamics
Now we discuss the influence of randomly generated
coupling constants Ak onto the time evolution of the
spin-correlation function S(t). In numerically accurate
simulations of the real-time dynamics using a statistical
evaluation of the Bethe-ansatz equations,17,18 the maxi-
mum number of bath spins N ≈ 45 still remains several
orders of magnitude smaller than the 105 nuclear spins
present in experimental samples. The dynamics of small
systems is influenced by the range of coupling constants
defining the ratio a = Amax/Amin between the largest and
the smallest coupling constant. Increasing a at constant
N increases the number of nuclear spins which are only
very weakly coupled to the electronic spin. In addition
the deviation of the average square, 〈A〉2 and the fluctu-
ation
〈
A2
〉
increase. The short and intermediate dynam-
ics is dominated by a decreasing number of bath spins for
a fixed N , while thevery weakly coupled spins are only
contributing significantly at extremely long times.
In a statistical evaluation of the exact Bethe ansatz
equations17,18 the fixed set of Ak = A/N exp[−(k −
1)/(N − 1)] has been chosen, leading to the ratio a = e.
FIG. 3. (color online) The spin correlation function S(t)
for randomly generated coupling constants Ak calculated via
CET. Each shown curve has been averaged over n = 50 dif-
ferent random realizations of couplings. (a) Short-time evolu-
tion of S(t) for increasing r0 with N = 18. (b) The analytical
result M(t) in comparison to calculated data for increasing
bath size N based on a fixed ratio r0 = R/L0 = 1.5. The
inset shows the area marked by the box.
A recent TD-DMRG38 study has pushed the limit to
up to N = 100 − 1000 nuclear bath spins. In this
study, the configurations of {Ak} have been drawn from
P (A) = const on the interval A0[1/2, 1], corresponding
to a ratio a = 2. For the first distribution, the fluctuation
u = 〈A〉2 / 〈A2〉 ≈ (1 + 1/e)/(1 − 1/e)/2 ≈ 1.082, while
the distribution P (A) = const. yields u = 28/27. In both
cases u ≈ 1 holds which does not differ significantly from
Ak = const. Therefore, the non-decaying fraction of the
spin polarization remains close to the QSA result.
In the distribution function P (A, r0), defined in Eq.
(10), the cutoff ratio r0 directly translates into the ra-
tio a = exp(r20). For large r0 the probability P (A, r0)
is high for adding more and more nuclei to the system
whose interaction with the central spin is negligible, e. g.
for r0 = 4 the ratio between the largest and smallest cou-
pling constant Ak has already reached Amax/Amin ≈ 107.
In order to obtain results faithfully representing a larger
system, a set of several Ak must be taken into account for
each order of magnitude which is impossible for a system
size of only N = 20 bath spins.
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Fig. 3 (a) illustrates the influence of the cutoff r0 onto
the real-time dynamics. The results are calculated for
N = 18 bath spins and averaged over n = 50 different
random configurations {Ak} to reduce the influence of
fluctuations and effectively take more nuclei into account.
We added the QSA result M(t) stated in Eq. (23) as a
guide for the short-time dynamics obtained from a ran-
dom nuclear field approximation in the thermodynamic
limit N → ∞. All CET curves perfectly coincide with
M(t) for very short time scales t/T ∗ < 3.
For r0 = 1, the ratio a = e, and only significant
coupling constants of the same order of magnitude are
taken into account. The polarization saturates approx-
imately at the value S(0)/3 as predicted by the QSA.
However, slight deviations between the CET curve and
M(t) are observed for times t/T ∗ > 3. Nevertheless the
CET short-time dynamics and results obtained by other
approaches17,18,38 agree remarkably well with each other
and with the QSA. This indicates that the generic dy-
namics can already be obtained by a rather small num-
bers of bath spins.
For increasing cutoffs r0 > 1, the short-time dynamics
of S(t) evolves from passing through a single minimum
as described by the QSA curve to a damped oscillation
as depicted in Fig. 3(a). This behavior is easily under-
stood by the distribution of coupling constants in any
of the random configurations {Ak}. For a large cutoff r0
and a fixed number of bath spins N , the number of nuclei
which couple to the central spin with a coupling constant
Ak/As = O(1) becomes very small in {Ak} due to the in-
creasing probability to find a small coupling. Essentially
we see a similar coherent motion as in Fig. 2(a) involving
only one or two bath spins with the strongest coupling
constants, while the slow dephasing is induced by the re-
maining very weakly coupled nuclear spins. Therefore,
we conclude that such choices of the cutoff r0 do not ren-
der the dynamics for N →∞ when working with a fixed
and small N .
Fig. 3(b) focuses on the bath-size dependency of the
short-time evolution of S(t) for N = 14, 18, 22 and fixed
r0 = 1.5. This cutoff would correspond to N(R) ≈ 105
in a real system, implying a ratio a ≈ 8. The figure com-
pares exact simulations for three different bath sizes to
the QSA result M(t) and demonstrate the fast conver-
gent with the bath size for r0 = 1.5.
The initial decay of S(t) is well described by M(t) and
for increasing N the exact finite size curves approach
the QSA solution for short-time scales. But after the
initial decay the central spin’s polarisation drops below
the value predicted by the QSA approach. This devia-
tion arises from the contribution of the small coupling
constants, whose interaction with the central spin is too
weak to have major influence on the short time behav-
ior of S(t), but on large time scales the small couplings
become dominant. Since the QSA result is based on the
assumption of a static bath, it is not surprising that it
is only able to describe the short-time and intermediate-
time evolution of the central spin that is dominated by
the strongly coupling nuclei.
2. The influence of r0 onto the long-time limit
The deviation of the non-decaying fraction of the spin-
polarization from the QSA value of S(0)/3 observed in
Fig. 3(b) justifies a more detailed analysis.
The influence of r0 onto the long-time limit is de-
picted in Fig. 4(a). With increasing r0 we observe two
effects: (i) the non-decaying part of the polarization
S∞ = limt→∞ S(t) is decreasing, (ii) the relaxation time
from the pre-equilibrated intermediate state reached af-
ter a short transient time of the order of O(10T ∗) into
the steady-state is increasing. Since the weakly-coupled
nuclei can only contribute on large-time scales, the sec-
ond observation is intuitively clear due to the increasing
number of weakly coupling nuclei with increasing r0 and
fixed N .
The first observation can be also understood within
a simple argument. In the QSA approach, no spin
polarization transfer between the central spin and the
spin bath can occur since the nuclear magnetic field has
been treated statically. The spin decay is purely driven
through dephasing by averaging over the random and
isotropic effective magnetic field distribution yielding a
finite steady-state value S∞ = S(0)/3.
Recent Bethe-ansatz calculations17,18 up to N = 44
nuclei confirm that the non-decaying fraction of the spin-
polarization depends on the distribution of the coupling
constants. In any finite size representation of the model
with a small number of coupling constants {Ak} a finite
non-decaying fraction of the spin-polarization is found.
This fraction, however, decreases when additionally weak
coupling nuclear spins have been added. Faribault et
al. gave an analytical argument18 why there must be a
finite non-decaying fraction of the spin-polarization in
any finite-size system, where the distribution of coupling
constants {Ak} is limited to the same order of magnitude.
This agrees perfectly with our findings for a finite size
system.
In contrast to exact evaluations of small systems, ap-
proximate treatments8,10,44,45 of the model allows to ac-
cess the thermodynamic limit. Such treatments require
the neglecting of higher order correlation effects and
predict a finite non-decaying fraction. Taking into ac-
count non-Markovian contributions in second order of the
transverse coupling,10 leads to a non-exponential correc-
tion to the mean-field solution stated in Eq. (23) of the
form 1/ log t in the absence of a magnetic field in the de-
cay to a finite steady-state limit. Even though we observe
a non-trivial transient behavior with a very slow decay
between 100 < t/T ∗ < 1000 the data is not sufficient to
extrapolate a [log t]−α correction or a power-law decay to
the non-decaying fraction from the data presented in Fig.
4(a). However, we have been able to extract a power-law
behavior from the low-frequency properties of spin-noise
spectra which will be discussed in Sec. III C.
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FIG. 4. (color online) The behavior of S(t) on long-time scales
for different values of r0 and N = 18 (a). Each shown curve
has been averaged over n = 50 different random configura-
tions {Ak} of couplings. The colored arrows indicate the
long-time values for S∞ predicted
8 from the fluctuation ratio
u =
〈
A2
〉
/ 〈A〉2. (b) The non-decaying fraction S∞, obtained
by averaging the data over the calculated data points in the
interval t
T∗
∈ [450 : 500], vs. the cutoff r0 for two different
system sizes N = 14, 20. The straight lines are linear fits.
The analytical predictions using the fluctuation ratio u are
added for comparison.
For bridging to the experiments we can ask the ques-
tion what is the asymptotic non-decaying fraction of spin-
polarization in the thermodynamic limit r0 → ∞ and
N → ∞. In order to shed some light on this question
within the framework of the CET approach, we have in-
vestigated the scaling properties of the non-decaying frac-
tion of the polarization with respect to r0 for two bath
sizes N = 14, 20 in the interval 1 ≤ r0 ≤ 2, in which
S(t) has reached a steady-state limit as shown in Fig.
4(a). The short time dynamics is always governed by the
time-scale T ∗ and agrees very well with the QSA result.
The long-time limit is plotted as function of the cutoff
r0 for two different bath sizes N in Fig. 4(b). The steady-
state polarisation decreases linearly with r0 for r0 ≤ 2.
Since the CET dynamics does not properly represent the
large N limit for r0 exceeding r0 > 2, as illustrated in
panel (a) and discussed above, no data is shown for such
cutoffs.
The linear scaling of S∞ as function of r0 suggests
that the non-decaying part of the central-spin polariza-
tion should vanish when the influence of very large num-
bers of small coupling constants is taken into account.
Extrapolating our linear fit to the data for N = 20 indi-
cates that this is the case for r0 ≈ 3.7, corresponding to a
ratio a ≈ 106. However, with increasing of the number of
bath spins N , the predicted cutoff r0 for that S∞ should
vanish decreases as exemplified by the fit to two different
spin bath dimensions in Fig. 4(b).
Our scaling analysis indicates that the spin correla-
tions will completely decay at infinitely long times in the
thermodynamic limit, e.g. N → ∞ and then r0 → ∞.
This finding is fully consistent with an extension of the
QSA which takes into account the long-time fluctuations
of the nuclear magnetic field. Averaging Eq. (19) over
times larger than the electron spin-precession time but
much smaller than the nuclear spin precession time, the
spin precession contribution vanishes and only the term
(~S0~n)~n survices. After inclusion of the explicit time-
dependence of the nuclear field ~Beff = Beff~n(t) and spin,
the ensemble average is given by Eq. (12) in Ref. [8]〈
~S(t)
〉
=
〈
~n(t)[~n(t)~S(t)]
〉
(50)
Since [ ~Beff(t)~S(t)] accounts for the total energy of the
central-spin model, it is a conserved quantity and time
independent: [ ~Beff(t)~S(t)] = [ ~Beff(0)~S(0)]. Furthermore
the nuclear-spin-spin correlation function is isostropic
leading to
〈
~S(t)
〉
= γ(t)
~S(0)
3
(51)
where γ(t) = 〈~n(t)~n(0)〉 is defined as correlation function
of the nuclear spin orientation.
For the long-time limit, γ(t) approaches a station-
ary value8 and is only dependent on the ratio u =〈
A2
〉
/ 〈A〉2. We added our estimates for S∞ using γ(u)
derived in Ref. 8 as horizontal arrows in Fig. 4(a) as well
as crosses labeled “analytic“ into Fig. 4(b). Although our
finite size scaling qualitatively agrees with a decreasing
γ(u) for increasing r0, the functional form of γ(u) dif-
fers from our linear scaling. This might be related to the
change of the largest hyperfine coupling when varying r0
for fixed N . Keeping both T ∗ and the largest hyperfine
coupling fixed requires the increase of N when increas-
ing r0. This would accelerate the decrease of S∞ when
increasing r0 in closer agreement with γ(u).
Another argument of why the non-decaying fraction
S∞ must vanish in the long-time limit for N → ∞ in
QDs with smooth electronic confinement potential was
given by Chen et al.35 based on the distribution func-
tion of the Ak. Although the total angular momentum
in the isotropic CSM is conserved it will be equally re-
distributed onto all nuclear spins at large times. Since
angular momentum transfer from the central spin to the
nuclear spin k occurs on a time scale t > 1/Ak, only those
spins within a given radius R(t) = L0[ln(A0t)]
1/2 can
contribute to the spin decay using the Gaussian envelope
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function (9) and A0 = A(Rk = 0). Only the strongly
coupling spins in the sphere with radius Rs = R(T
∗)
contribute to the short-time dynamics up to the time t.
Therefore, the central spin should decay as
〈Sz(t)〉 ∝ N(Rs)
N(R(t))
∝ [ln(A0t)]−3/2 (52)
in the long time limit t≫ T ∗ in three dimensions and its
expectation value vanishes for t → ∞. Hence, the non-
decaying fraction of the central spin-polarization must
vanish in the thermodynamic limit. In any finite size
calculation,15–18,38 however, there exist a smallest cou-
pling constant Amin which limits the time scale beyond
which the exact finite-size calculation will deviate from
the thermodynamic limit.
3. Summary
Before we move on to the discussion of the spin noise
spectra, we briefly summarize the results of this section.
We have demonstrated the accuracy of the CET by a
comparison of the real-time dynamics with small systems
exactly solvable using ED. While in principle arbitraryly
long times could be reached with the CET approach, it
is limited by the largest polynomial order NC which has
been included in the calculation. We have established
the quality of the statistical evaluation of the momen-
tum µn,m entering the extension of the CET approach to
ensemble averages. The short-time dynamics is governed
by the time scale T ∗ and agrees qualitatively well with
the QSA result. However, we observe small deviations
which can be traced to (i) the distribution of the cou-
pling constants Ak, to (ii) the number of bath spins and
to (iii) the ratio between the largest and the smallest Ak.
The larger this ratio is for fixed number of bath spins
N , the smaller the number of bath spins which couple
with an Ak = O(1/T
∗), the less bath spins contribute
effectively to the short time dynamics. The finite value
of S∞ in a finite-size system depends on the distribution
function P (A).
C. Spin noise spectra
In recent experiments,19–21 the spin noise spectra have
been measured in QD ensembles. Assuming independent
QDs, it is sufficient to average the generic spin-noise spec-
trum S(ω) over the distribution of time scales T ∗ and
g-factors to make a connection to the experimental data.
Therefore, we focus on calculating the spin-noise spec-
trum S(ω) for a single QD first and postpone the dis-
cussion to spin-noise spectra for QD ensembles to Sec.
V.
A realistic modelling of the QD requires the treatment
of the order O(105) nuclei. Even on a fine frequency
scale, the noise spectrum will be continuous while S(ω)
obtained from an exact simulation for ∼ 20 bath spins
FIG. 5. (color online) The spin-noise spectrum S(ω) in the
absence of an external field for r0 = 1.5. Panel (a) illustrates
the convergence properties of the CET for varying NC and
the effect of averaging results for several (n) configurations
of the coupling constants Ak based on N = 18 bath spins
and r0 = 1.5. Panel (b) focuses on the finite bath size effects
where we have averaged over n = 50 different configurations
{Ak}. M(ω) denotes the Fourier transformation of the semi-
classical result where the δ-peak in M(ω) at ω = 0 has been
approximated by a Lorentzian.
with a single distribution {Ak} clearly reflects the spec-
trum’s discrete character. In order to recover a contin-
uous spectrum from the finite size CET calculation, we
use two different ingredients: (i) averaging over random
distributions {Ak} and (ii) choosing a rather low order
NC in the CET calculations. The averaging over several
random distributions {Ak} mimics a larger number of
nuclei than contained in a single configuration. By arti-
ficially reducing NC , we can effectively add a broadening
to the individual δ-peaks of the finite size spectrum which
would only be precisely recovered in the limit NC →∞.
IncreasingNC systematically increases the frequency res-
olution which we have employed to reveal a power-law
in the low-frequency spin-noise spectrum. Note that no
spectral weight is lost by this procedure since the sum-
rule (14) is exactly fulfilled for arbitrary NC .
In order to illustrate the effect of those two ingredi-
ents, we show a direct comparison of S(ω) for a single
configuration (n = 1) and data averaged over n = 100
random configurations {Ak} with NC = 400, r0 = 1.5
and N = 18 in Fig. 5(a). Additionally, the correspond-
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ing spectrum for a lower order NC = 100 of the CET
and a reduced number of configurations n = 50 has been
added. While S(ω) obtained from a single configuration
displays a clear signature of a superposition of discrete
peaks a quasi-continuous spectrum is generated by the
configuration averaging.
The calculations with a lower Chebychev order NC =
100 reproduce the calculations for NC = 400 excellently,
except at small frequencies being consistent with linear
scaling of the largest accessible time scale with NC . Even
though it would be sufficient to use rather small NC for
an accurate description of the short-time dynamics, the
numerical effort increases substantially to access the low
frequency behavior of the spin-noise spectrum.
Based on the largest accessible time discussed in Sec.
III A, the smallest accessible frequency of the CET is
given by ωmin ≥ 103/NCπe∆E/NC . Note that there are
two limiting factors to the accessibility of small frequen-
cies in our simulations: the finite NC and the finite cutoff
r0 which set the boundary to the lowest Ak and there-
fore, the lowest non-zero excitation energy of the system.
Choosing a larger NC than required by the means of this
lowest excitation energy does not add additional informa-
tion to the finite frequency spectrum but only sharpens
the δ(ω)-peak.
The spectral functions S(ω) depicted in Fig. 5(b) for
increasing number of bath spins and r0 = 1.5 correspond
to the time resolved data shown in Fig. 3(b). We note
the fast convergence of S(ω) as function of N . We also
added the QSA spin noise M(ω) stated in Eq. (24). The
δ-peak in M(ω) at ω = 0 has been approximated by a
Lorentzian, and its spectral weight is given by the non-
decaying fraction of the spin polarization.
The high-frequency part of S(ω) agrees remarkably
well with the QSA spin-noise spectrum M(ω) rendering
the excellent agreement in the short-time dynamics be-
tween both approaches. As expected, the broad high-
frequency peak is centered at 1/T ∗ and its width given
by 1/2T ∗. However, we notice significant deviations be-
tween M(ω) and S(ω) for smaller frequencies. Those
differences also reflect the different transient behavior at
times t≫ T ∗ depending on the configurations of {Ak}.
At low frequencies a small shoulder around ωT ∗ ≈ 0.1
is observed in S(ω) (green curve) in Fig. 5(a) when us-
ing NC = 400 and n = 100 configuration averages. This
indicates the existence of an additional low-frequency fea-
ture in S(ω), that is not covered by the QSA result,
located above the resolution-broadened zero-frequency
δ-peak and below the Gaussian type high-energy peak
around ωT ∗ ≈ 1.
In order to reveal the shape and nature of the low fre-
quency part of the spin-noise spectrum in greater details,
we have pushed the CET order to NC = 1000 to signif-
icantly increase the frequency resolution to ωminT
∗ =
8.5 · 10−3. As depicted in Fig. 6, now the resolution-
broadened δ(ω)-peak, whose full-width half maximum
can be estimated by 2ωmin, is well separated from the
remaining low-frequency part of S(ω): the shoulder has
FIG. 6. (color online) S(ω) vs ωT ∗ on a log-log scale for
different values of r0 = 1.5, 1.75, 2. The dashed line is a fit
to the low-frequency behavior above the resolution-broadened
δ(ω)-peak. The smallest accessible frequency ωmin and the ex-
pectation value of the smallest contributing coupling constant
Amin are indicated by arrows. Parameters: NC = 1000, n =
100, N = 18, b = 0.
evolved into a threshold-type behavior with a crossover
around ωT ∗ ≈ 0.03 defined by the smallest excitation en-
ergy of the finite size system. A power law ∝ ω−3/4 can
be fitted in this region over approximately one decade
and is indicated as dashed line. At larger frequencies,
the previously discussed Gaussian-like peak remains vis-
ible and is centered around ωT ∗ ≈ 1.
The r0-dependency of the crossover scale separat-
ing the low-energy feature in S(ω) from the resolution-
broadened δ(ω)-peak is clearly visible in Fig. 6. Increas-
ing r0 extends the frequency range which can be fitted by
∝ ω−3/4 to lower frequencies. The cutoff parameter r0
determines the smallest hyperfine coupling Ak contained
in the configurations {Ak} and, therefore, the smallest
excitation energy in the system. We have indicated the
value A¯min(r0) = 〈min[Ak]〉 averaged over all config-
urations {Ak} by an additional vertical arrow in Fig.
6. Apparently, A¯min(r0) determines the low-frequency
crossover scale to the power-law behavior.
We have demonstrated in Fig. 4 that the non-decaying
fraction of the central spin polarization and, hence the
spectral weight of the δ(ω) peak decreases with increas-
ing N and r0 and eventually vanishes in the thermody-
namic limit.35 Hence, spectral weight of the δ(ω)-peak is
transferred to the low-frequency part of S(ω) dominating
the long-time properties of the spin correlation function
S(t). We conjecture that the observed finite low-energy
crossover scale is approaching zero-frequency in the limit
r0 →∞ and N →∞.
Restricted by the finite size of the spin bath and the
frequency resolution, our numerical data is not accurate
enough to predict the precise analytic form of S(ω) in
the thermodynamic limit. The guide-to-the-eye fit to our
data, however, would suggest S(ω) ∝ ω−3/4 implying a
1/t1/4 decay at long-time scales. This finding is consis-
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FIG. 7. (color online) All shown simulations have been av-
eraged over n = 50 configurations. The spectral functions
are all based on NC = 100. (a) The correlation function
S(t) for two different values of b. To distinguish the results
for different b an offset of 0.5 has been added to the upper
curve. The function E(t) = 1
4
exp
(
− 1
2
(
t
2T∗
)
2
)
approximates
the envelope of the signals. (b) S(t) for small external field
strengths. (c) The renormalized spin-noise function S(ω) for
b = 2, 4, ..., 10. (d) The same data as shown in (c) shifted by
ω∗ =
√
b2 + 1
2
, pointing out that the width of the occuring
maxima is given by T ∗ and that ω∗ is the exact frequency of
the occuring spin precession. Parameters: N = 20, r0 = 1.5.
tent with the prediction S(t) ∝ ln−3/2(t), because in the
intermediate time regime we can access via the CET both
findings are almost indistinguishable in the time domain.
To predict a deviation a fit over more than one decade is
necessary.
D. Magnetic field dependence of the spin noise
1. Transversal magnetic field
Adding a transversal magnetic field Bx to the system
has two important effects on the time evolution of the cor-
relation function S(t). First, it breaks the conservation
of the total polarization along the z-axis. Second, the
short-time dynamics is now governed by a shifted time
scale 1/T
′∗(b) =
√
(T ∗)−2 + 2ω2L which evolves continu-
ously from (T ∗)−1 with the external magnetic field. This
can be either analytically derived from the von-Neumann
equation or can be extracted from the numerical data for
large b as depicted Fig. 7(d).
Applying a large external magnetic field b = ωLT
∗ ≫ 1
causes a damped oscillation in S(t) whose dimensionless
frequency is given by ω∗ =
√
b2 + 1/2. Since the hy-
perfine interaction remains the origin of dephasing, the
characteristic time scale of the decay is governed by the
intrinsic time scale T ∗. Fig. 7(a) demonstrates this be-
havior for two different magnetic field strengths fulfilling
ωLT
∗ > 1. Additionally the function
E(t) =
1
4
exp
[
−1
2
(
t
2T ∗
)2]
(53)
has been added as an approximation to the envelope of
the real-time dynamics.
Fig. 7(c) shows the spin-noise spectrum S(ω) for five
different magnetic field strengths b = 2, 4, 6, 8, 10. The
resulting spectrum contains a small contribution near
ω = 0 that vanishes quickly for growing magnetic field
strength. The main contribution of the spectrum, how-
ever, consists of a central peak around ω∗ =
√
b2 + 1/2
with a field independent width proportional to 1/T ∗ and
is well separated from the low-frequency part of the spec-
trum. The universality of S(ω) is revealed by shifting
the dimensionless frequency ∆ω = ωT ∗ − ω∗. All curves
collapse onto this universal curve independent of b as
depicted in Fig. 7(d). This also proves the claim that
the envelope function of the spin-decay is governed by
T ∗ independent of b. Furthermore, we note that S(ω) is
independent of the number of bath spins for a fixed r0.
Fig. 7(b) focuses on the time evolution S(t) for a weak
external field. The short-time evolution of the central
spin remains unaffected by the application of a very small
magnetic field, b = ωLT
∗ ≪ 1. By symmetry breaking,
S∞ = 0, so that the correlation function S(t) approaches
zero in the long time limit. Thus the δ-peak occurring
at ω = 0 in the spin-noise function S(ω) must already
vanish for an infinitesimal small transversal field. Due to
the finite-time resolution of the CET, we only can show
the transient behavior, while no change can be resolved
in S(ω) for ω → 0 (not shown) compared to Fig. 5.
The long-time transients are not governed by the
nuclear-field fluctuation time T ∗ but by ωL. This is
clearly visible in Fig. 7(b) where we plotted S(t) for three
different weak magnetic field values as function of the di-
mensionless time ωLt. We find universality on the inter-
mediate time scale depicting a very slow decay for t→∞.
This findings agree with the Bethe-ansatz data of Farib-
ault et al.17,18
We can ask how does the spectrum evolve from b = 0 to
finite b > 0. Since the eigenvalue spectrum evolves adia-
batically from b = 0, we must observe two effects. (i) the
δ(ω)-peak vanishes and its spectral weight is shifted to
finite frequencies, and (ii) all finite frequency excitation
energies will shift with the magnetic field. Therefore, the
center of the Gaussian shaped peak with a width of T ∗
gradually evolves to
√
(T ∗)−2 + 2ω2L as function of the
magnetic field as depicted in Fig. 7(d).
2. Longitudinal magnetic field Bz
Applying a magnetic field Bz in longitudinal direction
induces a finite energy difference between the different
eigenstates of the total spin component Jz , and the spin-
flip processes of the central spin are suppressed by this
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FIG. 8. (color online) The spin correlation function S(t) for
increasing applied longitudinal fields (a), N = 18 and an av-
erage over n = 10 different configurations. (b) Corresponding
calculated spectral functions S(ω). The inset depicts the spec-
tral weight of the δ(ω)-peak as function of b corresponding to
the non-decaying fraction of S(t). Parameter: NC = 100,
n = 50 and r0 = 1.5.
additional energy barrier. The initial spin-decay is al-
most independent of b for ultra-short time scales until
t ≈ 1/b where the further decay of S(t) starts to be op-
pressed. Consequently, the non-decaying fraction of the
spin polarization is increasing with b: the spin-decay is
completely suppressed for b → ∞ as can be seen in Fig.
8(a).
The corresponding spin-noise spectrum is displayed in
Fig. 8(b). The increasing non-decaying fraction S∞ in
S(t) corresponds to an increasing spectral weight of the
δ-peak located at ω = 0. Since the total spectral weight
is conserved, there is a spectral weight transfer from the
broader peak centered around ω∗T ∗ ≈ 1 to the δ(ω)-
peak. The broad finite-frequency peak is shifted to higher
frequencies and is again centered at ω∗ ≈
√
b2 + 1/2 at
large magnetic field. The major difference to the applica-
tion of a transversal magnetic field is the loss of spectral
weight at finite frequencies in favor of the zero-frequency
peak.
As discussed above, the CET is restricted to a finite
accessible tmax ∝ NC which defines the lowest frequency
resolution ∆ω. Therefore, the δ(ω) cannot be accurately
resolved. We define a low frequency cutoff ωmin and cal-
culate the total spectral weight S+
S+ =
∫ ∞
ωmin
dω
2π
S(ω) (54)
of the finite frequency part of the spin-noise spectrum.
Since the CET spin-noise exactly fulfills the spectral sum-
rule, we obtain the spectral weight S0 = 2πS∞ of the
δ(ω)-peak from the difference S0 = 1/4 − S+. The re-
sulting S∞ as function of b is plotted as inset in Fig. 8(b)
and reveals the increase of the weight with increasing
longitudinal magnetic field.
IV. SPIN DYNAMICS OF THE ANISOTROPIC
CSM
A. Spin dynamics in the Ising limit
Up until now, the results were restricted to the
isotropic case, λ = 1. In order to set the stage for the
anisotropic model with finite λ <∞, we focus on the op-
posite limit λ→∞, the Ising limit, in this section. Then,
the Hamiltonian (1) of the CSM reduces to an Ising in-
teraction between the central spin and the nuclear spins
H = ωL~S~nB +
∑
k
AkS
zIzk (55)
and can be solved in a closed analytical form in some
limiting cases.11,12,46 This limit describes a pure heavy-
hole spin.11,12,46
Obviously, all nuclear spin operators Izk commute with
H and are conserved. Therefore, the spin-bath is static
and fully determined by the eigenvalue configuration
{mk} of all Izk . In the absence of an external magnetic
field, the eigenenergies are given by E∗(σ, {mk})
E∗(σ, {mk}) = σ
∑
k
Akmk = σE
∗{mk}) (56)
where σ is the eigenvalue of Sz.
In a finite external magnetic field, the Hamilton ma-
trix decomposes in 2 × 2 subblocks for each fixed nu-
clear configuration {mk}. For an external magnetic
field in x-direction, we obtain the two eigenenergies
E±({mk})) = ±
√
ω2L + [E
∗{mk})]2/2. The electronic
spin precesses around the resulting effective magnetic
field ~Beff({mk}) = (ωL, 0, E∗({mk}))T which depends on
the bath configuration.46
Averaging over the Larmor oscillations, the projection
of the spin component ~n[~n~S(0)] onto the magnetic field
direction ~n survives as already discussed above in the
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FIG. 9. (color online) The spin noise function S(t) for the
Ising limit λ→∞ of the anisotropic central spin model plot-
ted vs the dimensionless time τ = t/4bT ∗ for three values of
the external magnetic field b = 2, 4, 8. An offset of 0.5 has
been added to distinguish the three individual curves. The
envelope of Ez(τ ) given by Eq. (58) has been added as a
black line to each simulation. All curves have been calculated
for r0 = 1.5, n = 20 and N = 18.
context of Eq. (50). For a spin initially polarized in z-
direction, the z-component of the non precessing contri-
bution (~ez~n)
2|~S(0)| has to be averaged over all nuclear
configurations {mk}
〈
(~ez~n)
2
〉
{mk}
=
〈
[E∗({mk})]2
ω2L + [E
∗{mk})]2
〉
{mk}
(57)
where ~ez is the unit vector in z-direction. For large mag-
netic fields, this average yields
〈
(~ez~n)
2
〉
= 1/4b2 while in
zero magnetic field
〈
(~ez~n)
2
〉
= 1.
When applying a transversal external magnetic field
Bx, the fast dynamics of a spin initially polarized in z-
direction is determined by the Larmor frequency ωL ∝ b.
The spin-decay, however, is governed by a slowly varying
envelope function. Fig. 9 depicts the real-time dynamics
of S(t) for three values of a large external magnetic field
for the Ising limit of the Hamiltonian. An offset of 0.5
has been added to distinguish the different curves.
Testelin and collaborators12 have extended the semi-
classical approach of Merkulov et. al.8 to the Ising limit
of the CSM and derived the analytic decay function Ez(t)
Ez(τ) =
1
4
[
cos(4b2τ + 12arctan(τ))
(1 + τ2)1/4
+
1
4b2
(
1− cos(4b
2τ + 32arctan(τ))
(1 + τ2)3/4
)]
,(58)
for the spin-component in z-direction in the limit of
large magnetic fields b ≫ 1 where the new dimension-
less time scale τ = t/4bT ∗ has been introduced. It
consists of two oscillatory terms governed by the Lar-
mor frequency 4b2τ = ωLt with an additional phase shift
term and two decaying envelope functions ∝ (1 + τ2)1/4
FIG. 10. (color online) The spin noise spectra S(ω) for
(ω − ωL) ≥ 0 in the Ising limit calculated by exact Fourier
transformation of (59) for different external magnetic fields
b. The inset shows the non-decaying fraction S∞ which de-
fines the spectral weight of the δ-peak at ω = 0. Parameters:
N = 18, r0 = 1.5.
and ∝ (1 + τ2)3/4. The functional form of this non-
exponential decay has been derived46 by averaging the
coherent spin-precession of the central spin for a given nu-
clear configuration {mk} over all nuclear configurations
using a Gaussian distribution of the nuclear field. The
value of the non-decaying fraction 1/4b2 agrees exactly
with the prediction of Eq. (57). The increase of the de-
phasing time Tdeph = 4bT
∗ with increasing field strength
can be understood by the suppression of the effective field
fluctuation.
We have added the envelope of the function Ez(τ) to
Fig. 9 for the three different magnetic field strengths.
The semi-classical approach excellently reproduces the
exact simulations for large magnetic fields b ≫ 1. Our
numerical results confirm the slow decay of the longitudi-
nal spin component ∝ 1/√t for large times in this limit.
While the power-law decay for large magnetic fields
is well established11,12,46 it is not obvious whether the
analytic form of the long-time envelope prevails in the
crossover regime to small fields. In order to reveal the en-
velope function for the long time decay, one can subtract
the non-decaying fraction from S(t) and multiply the re-
maining oscillatory part with the dominating long-time
decay. We find that the amplitude of the oscillatory func-
tion (S(t) − S∞)(1 + τ2)1/4 reaches a time-independent
long time limit – not shown here.
To substantiate these findings, we expand the initial
spin polarized state |↑, {mk}〉
|↑, {mk}〉 = c+({mk}) |+, {mk}〉+ c−({mk}) |−, {mk}〉
using the exact eigenstates |±, {mk}〉 for a given configu-
ration {mk} and exactly calculate the spin-noise function
S(t) = 〈Sz(t)〉ρp /2 by averaging over all excitation ener-
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gies ∆E({mk}) =
√
ω2L + [E
∗{mk})]2:
S(t) = S∞ +
∑
{mk}
c2+c
2
− cos(∆E({mk})t) (59)
S∞ =
∑
{mk}
1
4
(
c2+ − c2−
)2
. (60)
While the time-independent part S∞ is equivalent to (57)
and defines the spectral weight of S(ω) at zero frequency,
the Fourier transformation of the second part can be cal-
culated analytically and yields the exact finite frequency
contribution to the noise spectra.
For the frequency distribution of
√
ω2L + [E
∗{mk})]2
we conclude that (i) there exists a finite threshold fre-
quency ωth below which S(0 < ω < ωth) = 0 and (ii)
ωL = limN→∞ ωth. Consequently, the spectral gap in
S(ω) below ωth will prevail in the thermodynamic limit.
Since the largest frequency in (59) is limited by the two
fully polarized configurations {mk =↑}, {mk =↓}, the
spin noise spectrum S(ω) also must vanish for |ω| >√
ω2L + [E
∗
max]
2.
Fig. 10 depicts the exact S(ω) as function of ω−ωL for
different magnetic fields. S(ω) can be fitted by a power
law (ω − ωL)−α very close to the Larmor frequency. We
have extracted a universal exponent α ≈ 1/2 independent
of b. For small b, however, the non-decaying fraction
of the spin dominates and the finite frequency spectral
function is very small. Therefore, the fitting accuracy
decreases for b→ 0.
Approximating S(ω) by C(ω − ωL)−α close to the
threshold frequency up to some finite cutoff frequency
ωmax and a normalization constant C, we can analyti-
cally extrapolate the long-time approach to S∞ from
∆S(t) = S(t)− S∞ = 2ℜe
[∫ ωmax
ωL
dω
2π
C
(ω − ωL)α e
iωt
]
=
C
πt1−α
ℜe
[
eiωLt
∫ (ωmax−ωL)t
0
du
eiu
uα
]
(61)
which can be approximated for t→∞ and α = 1/2 to
∆S(t) ≈ aC
π
cos(ωLt+ π/4)√
t
(62)
where a ≈ 1.25331. This result recovers the long-term
limit of Ez(t) stated in Eq. (58) independent from the
b≫ 1 limit.
B. Spin dynamics in the generic anisotropic CSM
So far we have discussed the two extreme limits of
the Hamiltonian (1): the isotropic CSM and the Ising
limit. Now we investigate the influence of an arbitrary
anisotropy factor λ onto the spin-noise spectra as func-
tion of a transversal external magnetic field.
In the absence of an external magnetic field, the decay
of the spin correlation function S(t) is only caused by
FIG. 11. (color online) (a) S(t) vs t/T ∗λ for different values of
the anisotropy factor λ = 1, 2, 4, 8. (b) Spin-noise spectra vs
ωT ∗ for the same parameters as in panel (a) and NC = 100. A
δ-peak at zero frequency resolved by the CET with the same
number of moments has been added as reference. Parameters:
N = 18, n = 50, r0 = 1.5.
the transversal terms in the Hamiltonian whose relative
strength is controlled by the factor 1/λ. Presenting the
data as function of the dimensionless time t/T ∗λ = t/λT
∗
clearly reveals the λ-dependence of the intrinsic time
scale: the location of the minimum in the short-time dy-
namics remains almost independent of λ as depicted in
Fig. 11(a). With increasing λ, the non-decaying fraction
of S(t) monotonically increases, and the curves basically
interpolate between the isotropic CSM limit and Ising
limit where S(t) = 1/4 = const. does not decay at all.
The corresponding spin-noise spectrum S(ω) is shown
as a function of the dimensionless frequency ωT ∗1 in
Fig. 11(b). We have added the result for the isotropic
CSM as reference for comparison. Since the CET ap-
proach has a finite resolution of a δ(ω)-peak for ω → 0,
the data for λ =∞ serves as reference and indicates the
change of the spectral function at finite frequencies as
function of λ. The height of the Gaussian shaped peak
close to ω ≈ 1/T ∗λ of the isotropic CSM decreases with
increasing λ, and spectral weight is shifted in parts into
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FIG. 12. (color online) Comparison between the analytical
prediction (blue) of Eq (26c) of Ref. [12] using a QSA and the
CET approach for b/λ > 1. All curves have been calculated
for b = 10 and λ = 2 or λ = 10. We have added an offset of
0.5 to the λ = 2-curves for better comparison. Parameters:
N = 18, r0 = 1.5.
the δ-peak at ω = 0 and to smaller frequencies ω > 0. For
λ > 3, the peak close to ω ≈ 1/T ∗λ has disappeared and
the spectra are monotonically increasing for decreasing
ω.
Now we proceed to the spin response in a transversal
magnetic field. A word is in order to clarify the defini-
tion of a strong external field in the anisotropic CSM.
The Hamiltonian (1) contains two terms driving (i) the
decoherence and (ii) the dephasing of the central spin in
z-direction: (i) the transversal spin-flip term is governed
by the characteristic timescale T ∗λ and (ii) the external
transversal field is governed by T ∗λ/λb. If b ·λ≫ 1 holds,
the external magnetic field dominates over the spin-flip
term, and, therefore, is called a strong external field. The
central spin performs several Larmor precessions before
the decoherence due to the nuclei sets in to the spin bath.
In the opposite limit, b · λ ≪ 1, the central spin cannot
complete a single Larmor precession on the time scale T ∗λ
on which S(t) decays due to the hyperfine interaction.
We begin to investigate the strong field regime defined
by b · λ > 1. We compare the analytical predictions12
by the QSA with our CET results for short-time and
intermediate-time scales as depicted in Fig. 12. While
for λ = 2, b = 10 good agreement is found between
both methods significant deviations are observed for an
increased asymmetry λ = 10, b = 10 already at short
times. While the numerical exact results show a mono-
tonic decay of the envelope function, the QSA predicts
an oscillation of the spin polarization amplitude. It turns
out that this result can be generalized to the statement,
that Eq (26c) of Ref. [12] using the QSA only describes
S(t) in a transversal magnetic field adequately if the pa-
rameter b/λ is large compared to 1. This indicates the
importance of the ratio b/λ for separating different types
of the dynamics in the anisotropic central spin model.
To gain more information on the influence of the ra-
FIG. 13. (color online) S(t) in a transversal magnetic field:
(a) for a fixed value λ = 10 and b = 2, 6, 10, and (b)
for a fixed value b = 4 and four different values of λ =
2, 20, 50, 100. For all cases we have added the envelope func-
tion 0.25 exp[−(t/T ∗λ )
2/8] to reveal the difference to the short-
time dynamics of the isotropic CSM. (c) Rescaled spin cor-
relation function S(t)(1 + τ 2)1/4 vs t/T ∗λ for the same pa-
rameters as in panel (b) with τ = t/4bT ∗1 . Parameters:
N = 18, n = 20, r0 = 1.5.
tio b/λ, CET results for S(t) are shown at either a fixed
λ = 10 and different magnetic field strengths b = 2, 6, 10
in panel (a), or at fixed magnetic field strength b = 4
and several values of λ = 2, 10, 20, 50 in panel (b) of
Fig. 13. Augmenting the numerical data with the enve-
lope funtion 0.25 exp[−(t/T ∗λ)2/8] demonstrates that the
short-time response is governed by the characteristic time
scale T ∗λ and the decay is well captured by a Gaussian en-
velope function for b/λ ≥ 1 as predicted by the QSA.12
Deviations from such a Gaussian decay increase with
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FIG. 14. (color online) Spin noise spectra S(ω) for b = 4 and
λ = 2, 10, 20, 50, plotted vs (ω − ωL)T
∗
λ . Since the character-
istic time-scale T ∗λ increases with increasing λ, we adjusted
the number of Chebychev momenta to NC(λ = 2) = 100,
NC(λ = 10) = 300, NC(λ = 20) = 600, and NC(λ = 50) =
1500 to provide an adequate frequency resolution. The chosen
parameters are equivalent to those in FIG. 13.
decreasing ratio b/λ < 1 and are very pronounced for
b/λ = 1/25. For these parameters, the initial decay
occurs much faster but on long-time scales significantly
slower than described by a Gaussian envelope function.
The dependency of the crossover on the ratio b/λ can be
understood from the fact that the hyperfine-field asym-
metry increases with increasing λ, and a larger transver-
sal external magnetic field b is required to induce a
dynamics similar to the isotropic CSM. Only at very
strong transversal magnetic fields Bx, the relevance of
anisotropy of the hyperfine interaction is reduced and
the Gaussian type of decay is expected for b/λ > 1.
For strong external fields, b ·λ > 1, the ratio b/λ solely
dictates the form of the envelope of S(t): for several dif-
ferent combinations of b and λ, the envelope functions
for S(t) − S∞ are identical - being not explicitly shown
here.
For further illustration of the crossover from a Gaus-
sian to the Ising type decay, we plotted the rescaled spin
correlation function S(t)[1+ τ2]1/4 vs t/T ∗λ in Fig. 13(c),
where τ = t/4bT ∗. This reveals an Ising type power law
decay for long-time scales that is recovered for λ → ∞.
For b = 4 and b/λ = 2, we clearly observe a Gaus-
sian dominated decay. For decreasing b/λ, an increas-
ing intermediate-time regime develops where the enve-
lope function follows a slower power-law type decay. Note
that S(t)[1 + τ2]1/4 yields a non-decaying oscillation in
the Ising limit, which can not be shown in figure 13(c)
due to the underlying time-scale.
We have been able to identify three different regimes
for b·λ > 1. For b > λ, (i) the decay is of Gaussian type12
similar to the isotropic CSM. As long as λ is less than
one order of magnitude larger than b, (ii) the decay of
S(t) deviates from the Gaussian envelope, but the long-
time decay is still governed by the tail of the envelope
function. In the last regime, (iii) where λ≫ b holds, the
behavior of the spin-noise function approaches the Ising
regime discussed in the previous section.
The corresponding spin-noise spectrum for this
crossover regime b/λ < 1 is depicted as function of
(ω − ωL)T ∗λ in Fig. 14. In leading order, the peak po-
sition of S(ω) is clearly given by the Larmor frequency
ωL, while the peak width is governed by T
∗
λ . Note that
the smallest and the largest value of λ differ by a factor
of 25. Therefore, the increase of T ∗λ requires a significant
increase of the Chebychev order NC for a reliable resolu-
tion of the spectra. S(ω) evolves from a Gaussian shape
for b/λ = 2, to a precursor of a threshold behavior for
b/λ = 2/25. While the high frequency tail can be fitted
with a Lorentzian, the low frequency spectrum is rapidly
suppressed below the Larmor frequency for 0 < ω < ωL
with increasing anisotropy. In the limit λ → ∞, the
Ising limit of the spectrum, as shown in Fig. 10, must
be recovered. Therefore, the increasing low frequency
gap with increasing asymmetry prevails in the thermo-
dynamic limit.
Let us now turn to small magnetic fields character-
ized by the condition b · λ ≪ 1. In this case the central
spin experiences decoherence induced by the spin bath
before a whole Larmor precession can occur. The short-
time dynamics in this regime is governed by T ∗λ and is of
the same form as shown for different values of λ in Fig.
11(a). After the initial spin decay, S(t) will approach
zero on a large timescale that is dictated by λ/ωL. This
long-time behavior of S(t) is analogous to the isotropic
CSM as shown in Fig. 7(b). Combining the information
provided by both figures fully describes the long-time and
short-time behavior of S(t) in the weak field limit of the
anisotropic CSM, and we do not show further explicit
results for this regime.
So far we did not discuss the correlation function S(t)
for a light hole spin. Such QDs are characterized by
an anisotropy factor λ = 1/2 < 1, so that the spin-flip
terms dominate over the Ising contribution. Since b/λ >
1/λ2 > 1 is bound in the strong field regime, no Ising-
type behavior can be observed and S(t) always shows a
Gaussian type decay for b · λ > 1. However, all other
findings discussed above remain valid for the case λ < 1:
an analogous behavior for the weak field limit b · λ ≪ 1
is found. Overall, the spin noise is very similar to the
isotropic CSM but with a faster characteristic time scale
T ∗ → T ∗λ < T ∗.
V. SPIN NOISE SPECTRA IN QUANTUM DOT
ENSEMBLES
The spin noise spectrum has been measured19–21 on
QD ensembles charged with a single electron or hole.
To bridge between the single QD calculations and the
recent experiments, we have performed an ensemble av-
erage of n single independent QD spectra with different
configurations {Ak}. We have used the average timescale
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FIG. 15. (color online) (a) Ensemble averaged spin-noise
spectra vs ω for five different values of B for a dot-confined
electron spin, i. e. λ = 1. Defining the average timescale
T
∗
= 〈T ∗〉 = 1 ns as reference, and using |ge| = 0.54 as in
Ref. 19, S(ω) has been obtained by averaging over n = 100
different spectra generated from a constant distribution of
T ∗ ∈ [0.2 ns, 1.8 ns] of characteristic single QD time scales.
For better visibility, an offset proportional to b = ωLT
∗
has
been added to S(ω). Parameters: NC = 15, N = 18. The
black lines indicate Lorentzian fits to the individual curves.
(b) Evolution of the ensemble noise spectrum with increasing
NC at fixed B = 300 G.
T ∗ = 〈T ∗〉 as reference timescale with equally distributed
individual T ∗ ∈ [0.2T ∗, 1.8T ∗] for each individual QD.
For QD ensembles with dot-confined electrons the dis-
tribution of g-factors is very sharp,5 and the spread of the
g factors can be neglected. The resulting ensemble av-
eraged spin-noise spectra are depicted in Fig. 15(a). An
offset proportional to the magnetic field b has been added
to S(ω) for better visibility. The black lines indicate a
Lorentzian fit to each individual curve.
For the absolute units in Fig. 15, we have set the
average electron dephasing time T ∗ = 1ns and have
used the experimentally determined19 electron g-factor
|ge| = 0.54. Our results demonstrate that phenomeno-
logical Lorentz fits to the experimental spin noise spec-
tra are justified for strong external magnetic fields b =
ωLT ∗ > 1. For small b significant deviations from a sim-
ple Lorentzian fit are observed in the ensemble averaged
spectra as being reported in the experimental data.19
FIG. 16. (color online) (a) Ensemble averaged spin-noise spec-
tra in the asymmetric CSM for λ = 5 (red) and λ = 50
(blue) for different b. S(ω) has been obtain by averaging
over n = 2000 different single QD spectra generated from a
constant distribution of T ∗i ∈ [0.2T
∗, 1.8T ∗], and the indi-
vidual g factors are taken from a Gaussian distribution with
∆g/g = 0.2. (b) Influence of the g-factor distribution func-
tion on the shape of the spin-noise spectrum: comparing the
λ = 5 data of (a) with an ensemble averaged S(ω) where the
individual g factors gi are taken from a constant distribution
of gi/g ∈ [0.8, 1.2] (green curves). For better visibility, an
offset proportional to b has been added to S(ω). Parameters:
N = 18, NC = 50, r0 = 1.5.
These deviations are related to the low-frequency features
of the spin-noise ignored in such a simple Lorentzian fit.
Our results are in good agreement with the experimen-
tal data of Fig. 4(a) in Ref. 19. For larger Chebyshev or-
ders the ensemble averaging still provides peaks around
the Larmor-frequency in S(ω) that can be approximated
by a Lorentzian, but a clear gap between zero frequency
and ωL occurs as discussed before.
Note that the spectra presented in Fig. 15(a) have been
calculated for a relatively small Chebyshev order NC =
15 corresponding to a frequency resolution of ω > 20
MHz for a magnetic field of B = 300 G up to ω > 60 MHz
for B = 800 G. This would mimic a limited resolution in
the experiments.
The effect of an increase of the frequency resolution
(increasing NC) on the spectral properties of the ensem-
ble averaged spin noise is depicted in Fig. 15(b) for a
fixed magnetic field B = 300 G. While the broadened
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peak around 200 MHz converges very quickly by a small
amount of narrowing, the additional low-frequency fea-
ture can now be resolved. This would apply to all spectra
shown in 15(a): the additional frequency resolution does
not change the qualitative properties of the spin noise
in a transverse magnetic field but only reveals additional
spectral information at low frequency.
Now we turn to hole spin ensembles modeled by the
anisotropic CSM. In this case the distribution of the g-
factors in the QDs is crucial when making connection
to measurements21 of spin noise in those QD ensembles.
To account for this spread, we have used a Gaussian
probability distribution for the g-factors centered at g
with standard deviation ∆g/g = 0.2 to include a random
value of g for each individual QD in our simulations. In
addition, the average dephasing time T ∗ = 〈T ∗〉 is set
as reference time (and reciprocal energy) scale, and the
individual time scales T ∗ have been generated from a
constant distribution T ∗ ∈ [0.2T ∗, 1.8T ∗] for each of the
n = 2000 individual QD calculations entering the ensem-
ble average. The resulting averaged S(ω) are depicted in
Fig. 16(a) for two different values of λ = 5, 50.
It is striking that the width of the ensemble averaged
S(ω) hardly depends of the anisotropy factor λ, although
the peak width is given by 1/T ∗λ = 1/λT
∗ in a single QD.
In a QD ensemble of hole spins, however, the peak width
of the noise spectra is determined by the distribution of
g-factors, and, consequently, the spectral width of S(ω)
increases with increasing external magnetic field.
To illustrate the influence of the g-factor distribution
function onto the shape of ensemble averaged S(ω), we
have combined the λ = 5 spectra of Fig. 16(a) with an-
other set of ensemble averaged S(ω) calculated by using
a constant distribution function bi/b ∈ [0.8, 1.2] but oth-
erwise identical parameters (green curves) in Fig. 16(b).
Clearly, the peak shape of S(ω) obtained from a box-
shaped g-factor distribution function resembles strongly
this distribution function while the spectra of Fig. 16(a)
(red curves) exhibit a more Gaussian-type shape.
As a consequence, the shape of ensemble averaged spin-
noise spectra is mainly governed by the two distribu-
tion functions for g and T ∗ and reveal less information
about the dephasing mechanism in a single quantum dot.
Therefore, it would be desirable to be able to measure the
spin noise directly on a single quantum dot in order to ob-
tain additional information on the microscopic dephasing
mechanism of an electron or hole spin in a QD.
VI. DISCUSSION AND OUTLOOK
We have presented a comprehensive study of the spin-
noise in the minimal model for dephasing in QDs, the
anisotropic CSM. We have investigated the dependency
of S(t) and its Fourier transform S(ω) on the external
magnetic field and the anisotropy parameter λ using a
CET approach. This approach provides a time-evolution
of an arbitrary initial state whose error can be reduced
to machine precision for any give time t. We have ex-
tended the CET to ensemble averaging of traces needed
to account for a fully incoherent spin-bath.
In the absence of an external magnetic field, S(t) ex-
hibits an universal time evolution for the isotropic CSM
on a very short time scale governed by the bath-spin fluc-
tuation time T ∗. At intermediate times t/T ∗ < 100,
the dynamics depend on the distribution function of the
hyperfine coupling constants. While a semi-classical ap-
proximation predicts a finite non-decaying fraction of the
spin polarization of SQSA∞ = S(0)/3 by averaging over
a distribution of static nuclear field configurations, our
CET results are typically below SQSA∞ . Fluctuations of
the nuclear spin bath occur on a much longer time scale
and can lead to significant deviations from the quasi-
static approximation when the hyperfine coupling con-
stants cover a large parameter range. Typically we find
a very slow decay at intermediate and long-time scales
driven by the distribution of the small hyperfine interac-
tion constants Ak. Finite size scaling of the non-decaying
fraction of the spin polarization of S∞ as function of the
cutoff r0 indicates vanishing S∞ in the thermodynamic
limit in agreement with the intuitive but not rigorous
argument of Chen et al.35
For the isotropic CSM, we find that the spin-noise spec-
trum consists of three parts: (i) a zero-frequency δ-peak
whose spectral weight is given by the non-decaying frac-
tion of the central spin, (ii) a low-frequency threshold
behavior which follows approximately a power-law and
is cut off at the smallest non-zero excitation energy of
the finite-size system determined by A¯min(r0) and (iii)
a Gaussian-type high frequency peak around ωT ∗ ≈ 1
which determines the short time dynamics on time scales
of T ∗. We find a remarkable agreement with a ω−3/4
fit to the low-frequency part of our high resolution CET
spin-noise spectrum which suggests an asymptotic 1/t1/4
spin-decay at long times which is not contradicting the
approximative solutions in the literature: on intermedi-
ate time scales 1/t1/4 and 1/ log(t)3/2 are nearly indistin-
guishable and only deviate significantly in their asymp-
totic behavior. We conjecture that in the thermodynamic
limit the zero-frequency δ-peak will disappear, and the
low-frequency spectra will show a pronounced thresh-
old behavior which will govern the long-time spin-decay.
For a detailed analysis of its analytical form, other ap-
proaches have to be employed.
The Ising limit of the CSM is exactly solvable by treat-
ing the 2 × 2 Hamiltonian subspaces for each frozen nu-
clear spin configuration leading to a strict threshold be-
havior of the noise spectra. The spectrum consists of a
δ(0) peak whose spectral weight decreases with increasing
b and close to the threshold a ω−1/2 fit can be applied
to the data, yielding a t−1/2 long time decay indepen-
dently of the applied magnetic field. In the Ising limit
pure dephasing occurs and we find that an increase of the
external field yields an increasing coherence time of the
central spin due to the decreasing spread of the eigenen-
ergies.
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In the anisotropic CSM without an external magnetic
field the timescale T ∗λ determines the short-time evolu-
tion of the central spin. We have demonstrated that in a
transversal magnetic field the value of b · λ separates hy-
perfine interaction driven spin dynamics from magnetic
field dominated spin dynamics. For b · λ > 1, the ra-
tio b/λ describes the crossover from Ising-like dynamics
(b/λ≪ 1) to a more Gaussian type decay (b/λ > 1.) For
a single QD in a strong external field we always find a
clear energy gap in the spin-noise between ω = 0 and
the broadened peak close to the Larmor frequency whose
width is given by 1/T ∗λ .
Furthermore, we have performed an ensemble average
of the spin-noise spectra to compare our calculations to
recent spin-noise measurements on QD ensembles. By us-
ing realistic characteristic time scales T ∗, the experimen-
tally determined distribution of g-factors, we find quali-
tative agreement for QD ensembles of both hole spins and
electron spins. Our calculations reveal the shape depen-
dence of ensemble averaged noise spectra on the distri-
bution functions for the g-factors and the characteristic
time scales T ∗: the averaged noise spectrum contains less
information on the dephasing mechanism than the data
for an individual quantum dot.
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